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Abstract

A dynamic model is presented which uses a mean first passage time to characterize multivalent binding as the
continuum limit of a one-step stochastic process. The use of a stochastic model instead of a model based on
rate equations permits consideration of fluctuations in the number of bonds formed. The importance of
fluctuations to the problem of multivalent interactions, especially low affinity interactions, is discussed.
Assumptions for the theory are based on data in which liposomes were used as a model system for
multivalency. The data suggest a linear sequential process of bond rupture, and thus a high degree of
cooperativity in the microscopic events associated with multivalent liposomal binding.
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1. Introduction

The occurrence of multiple simultaneous in-
teractions between biomolecules at surfaces is
important in many diverse areas of study, from
cell biology to biosensors. Stimulation of immune
cells, serum complement fixation, cell-cell inter-
action, protein adsorption, cell adherence and
motility, drug targeting, and immunoassays are all
influenced by the occurrence of multiple site in-
teractions. Multivalent cross-linking has been
shown to enhance T-cell proliferation [1], and to
stimulate B-cell activation [2,3]. Hapten density
has been shown to effect immunogenicity of lipo-
somes [4), and complement lysis of red blood cells
[5]. The effect of multivalency on immune re-
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sponse has stimulated interest in synthetic multi-
valent antigens for vaccines [6]. Other recent
studies have included discussions of the effect of
epitope density on antibody affinity and im-
munoassay sensitivity [7], on the interaction be-
tween ligates and solid phase ligands [8], and on
the effect of receptor density on the adhesion of
cells to surfaces [9].

Theoretical approaches to the formation of
multivalent interactions frequently involve assign-
ing rate equations for individual bond-making
and bond-breaking events [10,11]. For multivalent
interactions, there are by definition many individ-
ual rate equations which would have to be as-
signed. In the theory presented here we treat the
process of multivalent interaction as a continuum
of discrete binding and rupture events, The result
is a stochastic model which describes multivalent
interactions as a diffusion process with drift in
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bond space. Compared to the use of kinetic equa-
tions, this is an economical approach which com-
bines all unknown kinetic constants into two
probabilities, the probability of making a bond
and the probability of breaking a bond. This
approach produces a generalized form for dealing
with different kinetic influences, such as coopera-
tivity, without requiring detailed reworking of a
large matrix of individual rate equations or the
solution of a complex master equation. This ap-
proach has the additional advantage over the use
of rate equations by taking into account the con-
tribution from fluctuations in the number of bonds
formed with the surface. We show how fluctua-
tions in bond space may play a significant role in
surface retention of multivalent species.

To provide a framework for this theoretical
discussion, we present here an initial systematic
study of an experimental model system for multi-
valency: the binding of multivalent liposomes to
particle-immobilized antibodies. The data which
will be shown are of too low a resolution to
provide direct evidence for fluctuations in bond
space; however, they provide a basis for the theo-
retical assumptions. Liposomes containing phos-
pholipid derivatized with the small hapten, theo-
phylline, were allowed to react with anti-theo-
phylline antibodies which were covalently immo-
bilized on solid glass spheres. Liposomes are an
excellent model system for this purpose, since
they can be prepared with known and variable
amounts of antigen in their bilayer. In addition,
the valency of liposomes is itself of great interest
particularly in their application as drug delivery
agents [12,13], immunization agents [14,15], and
as immunoassay reagents, as previously demon-
strated in work from this laboratory [16-18).

2. Experimental observations and theoretical as-
sumptions

2.1. Preparation and characterization of antigenic
liposomes and immobilized antibody

Liposomes were prepared, by the methods
previously described [17], with dimyristoyl phos-
phatidylcholine, cholesterol, dicetyl phosphate
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and variable amounts of the antigen, a theo-
phylline—phospholipid conjugate (theophylline—
DPPE), in their membranes; and with 0.1 M 5-
(and 6-) carboxyfluorescein (CF) encapsulated in
their aqueous interior. Theophylline—-DPPE com-
prised from 0.0008 to 3.1 mole% of the total
liposomal lipid. Since theophylline-DPPE was

| dispersed as a solution in the bulk lipid solution

prior to evaporation of solvent and preparation of
liposomes, we assume that it was homogeneously
distributed in the liposome population. Quasi-
elastic light scattering indicated an average diam-
eter of liposomes containing theophylline—-DPPE
of 135 + 65 nm. The lipid concentration of lipo-
some preparations was determined by phospho-
rous analysis according to the method of Bartlett
[19]. Using these measured values and assuming a
surface area per lipid molecule in the liposomes
of 50 A2 [20], we calculated that the stock prepa-
ration contained approximately 4 X 10'* lipo-
somes mL !, The number of theophylline-DPPE
molecules present on the outer surface of lipo-
somes was estimated by assuming that liposomes
were composed of single bilayer membranes, and
that there was a homogeneous distribution of
theophylline—-DPPE in the liposome population,
and between the inner and outer leaflets of the
membrane.

Protein A-purified monoclonal anti-theophyl-
line antibody was immobilized onto 210-250 gm
diameter solid glass spheres as previously de-
scribed [21]. The density of active antibody sites,
as determined by 3H-theophylline binding, was
approximately 4 X 10™%5 mol /mm? of glass bead.
Using a rough estimate of 15 nm? to accommo-
date an antibody molecule, we calculate that
about 30% of the total surface area was covered
by active antibody protein.

2.2. Association of multivalent liposomes with im-
mobilized antibody

Two types of liposome binding measurements
were performed: equilibrium binding, and disso-
ciation kinetics. A schematic of the experimental
system is shown in Fig. 1. The complete data set
is shown in Table 1, where the functional affinity
constants and dissociation rate constants of lipo-
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Fig. 1. Schematic of a multivalent liposome binding to sur-

face-immobilized antibodies. The data suggest that a liposome

can bind to the surface by forming a number of bonds simulta-

neously with surface receptors. Monovalent ligand, shown on

the left, interacts with only one receptor at a time, and as a
result, with a smaller free energy.

somes containing varying concentrations of theo-
phylline-DPPE are compared to that for univa-
lent theophylline.

2.2.1. Equilibrium binding measurements

To measure the equilibrium binding constant
between theophylline-DPPE liposomes and sur-
face anti-theophylline, different concentrations of
liposomes in 0.15 mL volumes were incubated
with 0.1 mL of beads (containing =5 X 10™12
moles of anti-theophylline binding sites) in a test
tube on a rocker for 1 h at room temperature.
Following several washing steps, the liposomes
that were bound to the beads were disrupted by
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the addition of 1.5 mL of 6.25 mg/mL 1-O-octyl-
B-p-glucopyranoside, and the associated CF fluo-
rescence was quantified by fluorometry. As a
control for nonspecific adsorption or incomplete
washing, the fluorescence from liposomes which
remained associated with beads derivatized with
bovine y-globulin instead of anti-theophylline was
determined. This was calculated as a percentage
of the total fluorescence added (less than 5%),
and the data for immunospecific binding were
adjusted accordingly. The fluorescence intensity
was related to the concentration of liposomes.
The effect of multivalency was determined by
repeating this experiment with liposomes pre-
pared with varying concentrations of theo-
phylline-DPPE in their membranes. A maximum
of =1x 10~ moles of liposomes bound to the
beads. The area of the beads which is covered by
this many liposomes with a diameter of 135 nm is
108 mm?, or about 6% of the total surface area of
the beads. This is in contrast to the estimate of
30% of the surface area being covered by active
protein. It cannot be assumed that antibody
molecules are homogeneously distributed over the
surface, and some binding sites may be available
to the small theophylline molecule but not to the
liposome bound theophylline-DPPE due to steric
considerations. This percentage of surface area
coverage suggests that steric limitations to lipo-
some interactions with the surface are probably
negligible. By these estimates, an average of =
500 antibody binding sites is available per lipo-
some.

The data were analyzed by nonlinear fitting of
the concentration of bound liposomes as a func-

Table 1

Liposome interaction with immobilized antibodies. Effect of membrane antigen density on binding and kinetic constants
Theophylline— No. of Theophylline- K, (M~ k_ (min~") t AG®
DPPE (mol%) DPPE /outer leaflet (min) (keal /mol)
0.0008 1 6.8x107 0.19 3.65 -10.5
0.008 9 6.9%108 0.12 5.77 -119
0.08 90 2.2%10° 0.21 2.66 -126

08 900 1.8x10° 0.048 141 -12.5

31 3500 3.6%10° 0.034 20.4 -129
Theophylline 2.5%107 0.553 1.25 -99
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tion of total liposome concentration according to
the mass action law:

_ [AbAg]
K= TavTx el

where, in the case of a monovalent antigen, K, is
the intrinsic affinity constant as defined by Hor-
nick and Karush [22], [Ab] is the concentration of
unbound antibody binding sites, [Ag] is the con-
centration of unbound antigen, and [AbAg] is the
concentration of antigen complexed to antibody.
Total antibody concentration, [Ab],,,, is the sum
of [Ab] and [AbAg], and [Ag],... = [AbAg] + [Ag].

In the case of binding of multivalent liposomes
to immobilized antibody, K, is an apparent, or
functional affinity constant [22), [Ag] is the con-
centration of unbound liposomes, and [Ab] is the
concentration of unbound potential liposome
binding sites. [AbAg] is the concentration of lipo-
somes bound to immobilized antibodies. The mass
action equation was rearranged to the following

(M)

A.L. Plant et al. / Biophys. Chem 48 (1993) 75-89
quadratic equation:

0 =[AbAg]” - [AbAg]

1
X '[Ab]total + [Ag]total + ?

+ [Ab]total X [Ag]total

and was solved by nonlinear lcast squares regres-
sion analysis for K, and [Ab], -

Since the mass action equation appeared to
adequately describe the binding data regardless
of the valency of the liposome population, it was
used to determine equilibrium binding constants
(K,). Figure 2 shows the results of a representa-
tive experiment in which immobilized anti-theo-
phylline was incubated with increasing concentra-
tions of multivalent theophylline-DPPE lipo-
somes. The concentration of bound liposomes as
a function of total liposomes added is plotted
along with the best fit to the mass action equation
by nonlinear regression analysis. The effect of

THEOPHYLLINE-DPPE LIPOSOMES BOUND

0 110° 24q0?

0" ano* 540° 610°

THEOPHYLLINE-DPPE LIPOSOMES ADDED (M)

Fig. 2. Different concentrations of liposomes containing 3 moi% theophylline—DPPE in their membranes were incubated with glass

beads to which anti-theophylline antibody was covalently coupled. The fluorescence associated with bound liposomes was

quantified and related to liposome concentration in the reaction volume. The solid line is the fit by nonlinear regression to a
quadratic form of the mass action equation, solving for [AB],, and K,.
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Fig. 3. Apparent binding constants (O) and dissociation rate constants (W) are plotted as a function of the number of
theophylline-DPPE molecules present in the outer leaflet of liposome membranes. The lines are drawn by eye. The general trend
of the data is discussed in Section 2.
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Fig. 4. Liposomes containing 3 mol% theophylline-DPPE were allowed to bind to samples of anti-theophylline derivatized glass

beads. To initiate dissociation, unbound liposomes were removed and a 1000-fold molar excess of theophylline was added. At

specified times, incubation was terminated, and the fluorescence associated with liposomes remaining bound to beads was
quantitated. The solid line is the nonlinear least squares regression fit to a single exponential decay.
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valency is shown in Table 1 and Fig. 3 where K,
is plotted as a function of the number of theo-
phylline-DPPE per liposome. The data show that
the affinity constants determined for multivalent
liposomes are significantly greater than the con-
stant measured for the monovalent antigen in
similar experiments using *H-theophylline. In ad-
dition, the effect of multivalency on affinity is
greatest at lower hapten densities and appears to
platcau at higher densities. It is reasonable to
conclude that the increase in free energy of the
interaction is the result of multiple bonds being
formed simultaneously between liposomes and
the surface.

2.2.2. Rate constants for dissociation of liposomes
Jrom the solid phase

The rate constants for dissociation of theo-
phylline-DPPE liposomes from immobilized
anti-theophylline were determined using the fol-
lowing experimental protocol: theophylline-
DPPE liposomes were incubated with anti-theo-
phylline beads for sufficient time to approach
equilibrium, unbound liposomes were removed,
and then the kinetic experiment was initiated by
addition of a 1000-fold molar excess of free theo-
phylline to the beads for varying times. The pres-
ence of excess free theophylline was intended to
produce conditions such that when a bond be-
tween a liposome and the surface ruptured, refor-
mation of that bond or formation of a new bond
was unlikely. In addition, when a liposome de-
tached from the surface, it was highly unlikely to
reattach. However, even this large excess of free
theophylline does not insure that bond formation
cannot occur. In the case of liposomes with a
large valency, there may be bonds with the sur-
face which are sterically shielded from solution
and not exposed to excess free theophylline. (In
fact, there may be bonds for which rupture can
only be preceded by rupture of neighboring
bonds.) Thus in our model we do not assume that
even under the experimental conditions described
here that the probability of bond formation is
zero; however, it is probably very small. Figure 4
shows a representative dissociation experiment
for theophylline—DPPE liposomes. For all experi-
ments, first order dissociation rate constants, k _,
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were determined by nonlinear least squares re-
gression analysis of the fluorescence associated
with the beads as a function of time. The effect of
valency on retention mirrors the effect on the
binding constants, as is shown in Fig. 3 and in
Table 1. Dissociation rate constants decrease with
increasing valency, and range from 0.5 min~! for
theophylline (¢, ,, = 1.2 min), to 0.034 min~" (¢, ,,
=20 min) for liposomes containing 3% theo-
phylline-DPPE.

2.3. Stochastic kinetic model

We have used liposomes as a model system for
multivalent binding because of the ease of
preparing populations with different valencies but
otherwise identical characteristics. In addition,
because lipids diffuse rapidly in membranes, lipid
molecules which can bind with the surface will
migrate in the plane of the bilayer to maximize
the number of bonds with the surface [23].

We have observed that the interaction of mul-
tivalent liposomes with surface-immobilized anti-
bodies has several predominant features. Regard-
less of the valency, the steady state interaction
between liposomes and the surface can be de-
scribed by the mass action law. The interaction
appears to be uncomplicated by cooperativity be-
tween liposomes, and looks like a simple bimolec-
ular event. Furthermore, regardless of valency,
dissociation of liposomes from the surface occurs
with apparent first order kinetics, as though the
breaking of a single bond is the rate determining
step in dissociation. However, other aspects of
the data clearly indicate the presence of multiple
bonds. We observe that as the valency increases,
there is an increase in the equilibrium free energy
of binding, and a decrease in dissociation rate
constants. This is consistent with the simultane-
ous occurrence of multiple bonds with the sur-
face, where the number of bonds formed in-
creases as the valency increases; this is made
possible by the diffusion of theophylline-DPPE
in the membrane. Finally, we observe that the
response to increasing valency is larger for smaller
hapten densities and appears to saturate at higher
hapten densitics. We assume that there is a limit
due to steric considerations that determines the
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maximum number of bonds which can be formed
between a liposome and a surface.

From this starting point, we have developed a
stochastic model for the dissociation of a multiva-
lent species from a surface. In this report we
consider only the kinetic response of multiva-
lency; the equilibrium response will be consid-
ered in a future publication. Qur kinetic experi-
mental protocol involved initiating dissociation by
addition of a large concentration of competing
hapten. This addition altered the transition prob-
abilities for bond breaking and bond formation
that existed during the equilibrium period. How-
ever, the theory which we present is not restricted
to the specific experimental conditions we em-
ployed. This model allows us to explore in depth
some general microscopic aspects of multivalent
binding, such as the microscopic probabilities of
bond-making and bond-breaking, and the relative
importance of the first vs. the subsequent bonds
formed during a multivalent interaction.

For all binding species studied, including the
monovalent antigen and the liposomes of differ-
ent valency, the same functions for the kinetics
and the equilibrium binding constants appear to
be valid, suggesting that the determinant steps in
the multivalent binding process involve the mak-
ing and breaking of single bonds. We have chosen
a stochastic model since, in the most general
case, if a liposome remains attached to the sur-
face and is able to break and make new bonds
until the last bond is broken, statistical fluctua-
tions in the number of surface bonds cannot be
neglected; i.e., the number of bonds formed be-
tween a liposome and the surface can be small,
and so diffusion in bond space is always impor-
tant. Classical kinetic models generally ignore
these fluctuations. Fluctuations are allowed in
the stochastic model because we deal with transi-
tion probabilities as opposed to rate constants.
This approach is similar to the one taken by
Szabo et al. [24], who described- association reac-
tions as a first passage time (in real space) based
on the Smoluchowski equation. Our approach
involves a mean first passage time in bond space.

We describe the dissociation of multivalent
liposomes from surface-immobilized antibody as
the continuum limit of the master equation for
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one-step stochastic processes (see Appendix A).
The result is a Fokker—Planck-like equation (the
nomenclature used by van Kampen [25] is pre-
served):

0 0
P 0 =5 [g(n) ~r(m]P(n, 1)

1 9%
+ —W[g(n) +r(n)]P(n, t)
(1)

In this approach, we treat discrete events (i.e.,
individual bond making and bond breaking events)
as a continuum of events involved in the multiva-
lent process. We define n as the number of bonds
formed between a liposome and the surface,
P(n, t) as the probability of realizing » bonds at
time ¢ for a single liposome, and g(n) and r(n)
as the bond breaking and bond formation proba-
bilities per unit time, respectively. By rescaling
time, g and r can be interpreted as microscopic
transition rates which are assumed to be positive,
smooth functions of n. We can define D as a
kind of diffusion coefficient in bond space, which
characterizes the random fluctuations in the
number of bonds,

g(y) ;rr(y) )

Thus, D mimics the effects of random collisions
in a condensed phase. Cooperative (and anti-co-
operative) effects between individual bond forma-
tion and bond breaking events can be incorpo-
rated by assuming various forms for g(n) and
r(n). In a model without cooperativity, g and r
would be linear functions of n; ie., the rate of
bond breaking would be proportional to the num-
ber of bonds, and the rate of bond making would
be proportional to the number of available bind-
ing sites. However, we will consider in our model
the case where g and r are constants. This is a
highly cooperative model which corresponds to a
linear sequential process of bond rupture and
bond making, and is a model which adequately
describes the data. For an example of a noncoop-
erative discrete stochastic model for protein fold-
ing, see Zwanzig et al. [26]; the predictions from

D(y) =
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their model are significantly different from what
we will present here.

We define Q(n, #) as the probability that a
liposome having n surface bonds at ¢ = 0 has not
detached from the surface after time ¢ has passed.
The probability distribution of first passage times
(see Appendix B; also [27]) is then given by

i}
T(n, t) = _5Q(n’t) (3)

where we have assumed irreversible detach-
ment from the surface following rupture ,of the
last bond. (This condition was experiméntally
achieved in the present case by the presence of a
large molar excess of free ligand; however, the
same condition occurs under continuous flow.) If
L is the number of liposomes initially bound to
the surface, then the exact kinetic equation for
liposomal detachment is

LBQ(n, t)

= =LT(n, 1) (4)

where Q(n, t) satisfies the adjoint (see Appendix
B and Riskin [27]) of eq. (1):

aQ(: ) = —[g(n) —'(n)]— Q(n, 1)
g(n) +r(n)
+l—-2——]azQ( 1) (5

Although eq. (4) is exact within the confines of
a continuum, small fluctuation approximation, its
solutions are in general quite complex (ie., Q
decays in time as an infinite sum of exponentials).
A much simpler and useful “low resolution” ki-
netic description, based on an average retention
time, can be obtained from the approximation

T(n,t)==——=0(n, t) (6)

( )

where T(n) is the mean first passage time, i.c.,
the average time required for a liposome to reach
n = 0 bonds from 7 bonds for the first time. (This
passage time is the inverse of our experimentally
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determined k_,, or ¢, ,,.) Since T(n) is defined
by

T(n) = j:dt (T(n, 1)

=f0°°dt o(n, 1) )

T(n) can be expressed explicitly as a function of
g(n) and r(n).

By substituting eq. (3) into eq. (6), the kinetic
equation can be further simplified to

dQ(n, 1)
it T(n)

Q(n, 1) (8)

Thus, although an exact general solution predicts
that the actual kinetic behavior is a sum of many
singie exponentials, “low resolution” kinetic data
will appear to be a single exponential decay. This
is what we observed experimentally. For situa-
tions in which uncertainties in the data are rather
large, which is the case in our experiments, fitting
data to a single exponential may be preferable to
a direct numerical integration of the raw kinetics
data as in eq. (7). In fact, the single exponential
approximation is expected to become exact for
stochastic processes having a single rate-limiting
step such as a passage over a sharp, high poten-
tial barrier. Furthermore, this approximation is
exact in the coarse-grained sense of time averag-
ing; i.c., one obtains an identity if eq. (8) is
substituted into eq. (5) and the result is inte-
grated over time. This implies that an optimized
fit of detachment kinetics data to a single expo-
nential can be used to determine the mean first
passage time for the process.

We now introduce N as the valency and there-
fore the maximum number of bonds which can
exist between a liposome and the surface, and we
assume a reflecting boundary at n=N. Thus,
liposomes can bind to the surface by »n bonds,
where n is between 1 and N. For our kinetic
experiment protocol, liposomes are first allowed
to bind to the surface and establish » bonds. For
convenience, we will call this the equilibration
step, although technically, equilibrium binding is
not required. At time ¢ =0 unbound liposomes
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n

N
Fig. 5. Schematic of boundary conditions for a multivalent
liposome binding to surface-immobilized antibodies. The data
suggest that a liposome can bind to the surface by forming a
number of bonds simultancously with surface receptors. n =
number of bonds between a liposome and the surface, n=0
marks the absorbing boundary, N = lipcsome valency and
marks the reflecting boundary, g = probability per unit time
of bond breaking, r = probability per unit time of bond for-

mation.

are removed and competing hapten is added.
Thus, at ¢ = 0 we have changed the relative mag-
nitudes of the transition probabilities compared
to the equilibrium step: because of the addition
of excess free hapten, the relative magnitude of
the probability of bond formation, r, is de-
creased, and the probability of bond breaking, g,
is increased. Under these conditions, we have an
absorbing boundary at n =0, assuming irre-
versible detachment from the surface when all
bonds are broken due to the presence of a large
molar excess of free hapten. Figure 5 depicts
these reflecting and absorbing boundaries, and
the relationship between g and r.

It is appropriate here to comment on the pos-
sibility of alternative experimental protocols. Un-
like the above conditions, one might design an
experiment in which the transition probabilities g
and r are the same during the equilibration step
as the kinetic step. This could be achieved simply
by replacing a reflecting boundary at n = 0 with
an absorbing boundary at ¢ =0, such as would
occur by equilibrating in a nonflowing condition,
and then introducing a flow stream. Other alter-
natives might involve transition probabilities
which differ from the g and r which appear in
our equations. In addition, the state variable, 7,
instead of corresponding to an average over an
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equilibrinm distribution, may be a non-equi-
librium steady state average, or even an average
over some fraction of the initial distribution.

Standard manipulations [28] on eq. (1) or eq.
(5) yield an expression for the mean first passage
time from » bonds to zero bonds:

exp[—U(2)]
D(z)
O<n<N (9)

T(n, N) = ['dy exp[U(»)] [ "4z

where D(n) is as defined in eq. (2), and U(n) is a
potential energy surface i bond space:

[2(x) - r(x)]
[8(x) +r(x)]

If g and r are constants, depending on whether
g>ror g<r, U scales as y or —y, i.e,, a ramp
potential. If we assume cooperativity in the form
of a linear sequential process so that both g and
r are taken as constants, this immediately leads
to

T(n, N)

Sk 2((§ir; e -7

g=r
X {exp[ + 2( —_ )n
g+r

Experimental conditions make it unlikely that
there is much difference between n and N. For
liposomes in solution, theophylline-DPPE is
probably homogeneously dispersed within the li-
posome membrane, but because lipids diffuse
rapidly in the plane of the bilayer, when exposed
to a surface with which they bind, the distribution
is expected to change in order to maximize the
number of bonds with the surface. Thus the num-
ber of bonds formed, n, could be equal to the
liposome valency, N. At some point, however, N
can be larger than the maximum number of bonds
that can be formed between a liposome and the
surface, given steric constraints. In the case of
liposomes, these constraints involve membrane
packing density, liposome distortion, surface anti-
body density, etc. We define N, as the maxi-

u(y) =2f0ydx (10)

-1 (1)
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mum number of bonds which can be formed with-
in these constraints. Therefore, we focus on
T(N, N) for N<N,,, and n =N,

_ (g+1)
(s-r) 2g-r)

g—~r
x{l exp[ 2(g+r)N]} (12)
We anticipate that different experimental con-
ditions will effect the relative magnitude of g, the
bond breaking probability, and r, the bond for-
mation probability. Depending on the relation-
ship between ¢ and r, the model predicts very
different responses in T(N) as a function of N.
There are three conditions to consider g>r,
g<r, and g=r. The experimental conditions
under which we collected the data shown in Figs,
3 and 4 involved the addition of excess competing
ligand to liposomes bound to the solid phase.
Competing ligand is expected to bind to free sites
on the solid phase. Under these conditions, the
probability of liposomes forming new bonds with
the surface is practically zero, while the probabil-
ity of liposomes breaking bonds with the surface
is larger than zero; thus g > r under these condi-
tions. Nevertheless, it is interesting to examine
some alternative conditions. From eq. (12) we can
see that when g << r (bond formation is favored),
and N is large, both T(N) and 8T /3N diverge as
exp(N) as N approaches infinity. This is the
relationship which we would expect to see when
the association rate is larger than the dissociation
rate. For the condition where g=r, such as in
cases where association and dissociation rates are
not very different, diffusion, i.c., fluctuations, in
bond space dominates the kinetics, and the mean
retention time is expected to be a quadratic func-
tion of N:

T(N, N) =

(g+r)

Thus, for low affinity interactions, multivalency
affects retention times primarily as a result of
fluctuations in bond space.

Finally, for the condition of g >>r where N is

T(N,N) = (13)
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large, this expression yields the following drift-
dominated regime:

T(N, N) = (14)

N
(g-1)

This last expression predicts that under condi-
tions where g and r are constant, and g>>r
such as in the presence of a large molar excess of
free hapten, T(N) will increase linearly with N
for N <N_,,, and the change in the mean reten-
tion time with N will be approximately equal to
the inverse of the microscopic dissociation rate,
i.e., 1/g. Since we have created here experimen-
tal conditions where the kinetics are dominated
by drift and fluctuations are suppressed, this is
also the result that one expects from a classical
kinetics description which neglects fluctuations in
the number of bonds. The preliminary data shown
here for liposomes suggest an approximately lin-
ear relationship between retention and valency
(certainly not an exponential or quadratic func-
tion), before the effect of valency begins to satu-
rate (Fig. 3). This observation is not consistent
with what would be predicted using the noncoop-
erative model of Zwanzig et al. [26]. The nonco-
operative or mean ficld model predicts an expo-
nential increase in T with N (for large N).

3. Discussion

Increasing the number of theophylline-DPPE
molecules per liposome resulted in an increase in
the binding constant of liposomes for immobi-
lized antibodies, and a corresponding decrease in
dissociation rate constants. For a prediction of
the continuum effect of increasing the valency,
N, (for N <N,,), we can take the partial differ-
ential of eq. (9) with respect to N while keeping
the initial number of bonds, », fixed:

),
_ o[ -U(N)]

San) 4y eplU(I >0 (19
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This treatment shows that if N is allowed to vary
under conditions where n is fixed, T(n, N) re-
mains sensitive to the form of U even as n — N.
This implies that increasing the valency signifi-
cantly increases the retention time of the multiva-
lent species, even if the number of bonds formed
with the surface is not increased. As N is in-
creased, a liposome can now ecxplore a larger
number of possible conformations, i.e., there are
a larger number of ways to achieve n bonds. This
may be visualized as the ability of a multivalent
species to break a bond and make a new bond
with a previously unbound ligand, an example of
which is the movement of cells on surfaces. Asso-
ciation with the surface is prolonged, even though
the number of bonds remains the same.

The effect of multivalency of liposomes ap-
pears to saturate at larger N. In our experiments,
the effect on binding is greatest up to approxi-
mately 100-200 haptens per liposome, (a concen-
tration of theophylline-DPPE of less than 0.2
mol% of total lipid), above which the increase in
free energy of binding continues at a slower rate.
This could be due to the steric limitations on the
maximum number of bonds which liposomes can
form simultaneously with the surface. The com-
bined area taken up by 100 to 200 densely packed
theophylline-DPPE molecules (assuming approx-
imately 70 A? each) is between 70 and 140 nm2 A
circle formed from this many theophylline-DPPE
would have a diameter that is between 7 and 10%
of the diameter of the liposome. It is reasonable
that steric constraints on the packing density of
reactive lipid and on the extent of deformation of
the liposome must limit the maximum area of
interaction, thereby defining N,.

We have assumed that steric considerations
are responsible for the leveling off of the effect of
increasing valency. We have thus far accom-
plished this by imposing an artificial reflecting
boundary that limits »n, the number of bonds per
liposome which initially form with the surface
during the equilibration period. We can investi-
gate the influence of this boundary on the mean
retention time after initiation of dissociation by
the following treatment: if we differentiate eq. (9)
with respect to n, while keeping the functional
forms of U and D for the kinetic process fixed,
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we obtain
aT(n, N exp| -U(z
(200 oo a0
(16)

This treatment allows us to consider cases of
different initial distributions in ». In other words,
we perturb n without altering U. We see that for
0<n <N, 9T/3n > 0. However, if we take the
limit of this expression for n=N, and define
A =N -n, then

S o

When # =N, A =0 and no more bonds will form.
Likewise, if N> N_,, no more then N_, bonds
will form, and 97 /dn will go to zero as n goes to
N,,.. The effect of increasing the number of bonds
on the mean retention time is thus greatest when
the number of bonds formed between a liposome
and the surface is much smaller then N, and will
naturally go to zero as n —» N or N_,,. Thus the
cffect of bond formation on retention is not
equivalent for all bonds formed, even when their
microscopic rates do not change.

Also of interest is that with increasing number
of bonds formed, i.c., as n— N, the terms con-
taining the potential cancel, and we are left with
only the diffusion term, D (see eq. 2). The reten-
tion time thus becomes entirely independent of
the relative magnitude of the microscopic rates, g
and r, and is determined instead by their sum,
the unbiased rate of fluctuations in the number
of bonds. For a multivalent interaction where
fluctuations are smaller, as the number of bonds
formed approaches the maximum, each addi-
tional bond formed has a larger effect on reten-
tion than would occur under conditions of larger
fluctuations. If we compare two hypothetical mul-
tivalent systems where the bond formation proba-
bility is the same, for the case where the rate of
bond breaking is smaller, we see from eq. (17)
that increasing the number of bonds will have a
greater effect on retention. The converse is also
true: for two otherwise identical multivalent sys-
tems, the case with the smaller bond formation
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probability will show a larger effect of increasing
number of bonds on retention.

It is of interest to note that from eq. (17), we
predict that the effect of increasing bond forma-
tion on retention decreases as n —» N. However,
we also see from eq. (17) that the dependence of
D on N could cause the sensitivity of retention
time with respect to n to be influenced by the
valency. Thus the contribution to the muitivalent
interaction afforded by each additional bond need
not be the same for every multivalent species,
due to changes in microscopic rate constants with
changes in the valency of the species. Thus, em-
pirically it is impossible to determine the mecha-
nism of saturation in the effect of multivalency on
retention without measuring microscopic rate
constants. However, if one examined only the
microscopic constants, the measurement of fluc-
tuations (the diffusion coefficient, D(N)) would
dominate, and nothing would be learned about
retention.

Another possible cause of saturation in T(N)
at large N could, of course, be anti-cooperativity.
Consider eq. (16) for the case where the maxi-
mum number of bonds formed between a multi-
valent structure and a surface is infinitely large
(N > x),

. (8T(n, N)
Alll-ineo( on )N
® -U(z
= explU(m)] [ dzfxi[D(—z)(—)] (18)

We can see that, in contrast to eq. (17), 8T/dn
can now be quite sensitive to the form of the
potential. For instance, consider the case where
D(z) takes the constant value D, and U(z) as-
sumes the form

U(z)=+27(p=2,3,4,...)

where p can be regarded as the order of anti-co-
operativity. The integral in eq. (18) now has the
form of a generalized complementary error func-
tion [29] and the decay of 9T /on for large n
describes a natural saturation effect due to anti-
cooperative binding.
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4. Conclusion

We observe that the dissociation rate constants
for desorption of multivalent liposomes from an
antibody-coated surface vary approximately lin-
early with valency, N. We have presented a model
which indicates that first order rate constants for
this process are good estimates, and may be exact
solutions, for mean first passage times. The linear
relationship between T and N indicates the pres-
ence of a ramp potential in the dissociation pro-
cess. Thus, dissociation of multivalent liposomes
from a surface appears to be a highly cooperative
sequential process.

The Fokker-Planck continuum description al-
lows us to make mathematically concise predic-
tions concerning how retention is effected by
valency, the number of bonds formed, and the
relative magnitudes of the microscopic rates.
Given the limits of a reflecting and an absorbing
boundary, we have shown how retention can
change with n, the number of bonds initially
formed. Space constraints prohibit exhaustive
consideration of all parameters which could ef-
fect multivalent interactions. For example, we
have treated n as if it were the average over some
very sharply peaked initial distribution, but inho-
mogeneity in liposome size or in the distribution
of reactive lipid within the liposome population,
or inhomogeneity in the distribution of surface
binding sites will effect the width of the distribu-
tion of n. These spurious inhomogeneities intro-
duce additional uncertainties into the interpreta-
tion of kinetics data, and additional efforts should
be made to minimize them in future experiments.

We discussed the effect of the relative magni-
tudes of the microscopic rates, and we showed
how the relationship between T and N is a
valuable diagnostic tool for determining the rela-
tive magnitudes of g and r, and can also provide
a criterion for the importance of statistical fluctu-
ations in the number of bonds. These relation-
ships will provide useful guidelines for future
experiments involving liposomes and other multi-
valent systems where statistical fluctuations in
bond space should be considered.
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Appendix A

Let us introduce the one-step raising (E) and
lowering (E ') operators by

Ef(n)=f(n+1)
E-'f(n) =f(n~1)

The master equation for one-step stochastic pro-
cesses may then be written as

(A1)

oP(n, t)

= = (E-1)g(m)P(n, 1)

FE -Dr(m)P(n, 1) (A2)

where P(n, t) is the probability of the system
being in state n at time ¢ and where g and r are
bond rupture and bond formation transition
probabilities which are considered to be functions
of the discrete state variable n. The first term on
the right hand side of eq. (A.2) is the probability
flux into state n from (n + 1) while the second
term is the flux into 7 from (n — 1). Suppese the
state space is bounded such that 0 < n < N, where
N is the system size, and we introduce a system
size scaling by N * =aN and n* = an, where a is
a large dimensioniess number. Further suppose
that g, r, and P are scale-invariant or intensive
quantitites; i.e.,

g(n*)=g(n), r(n*)=r(n)
P(n*,t)=P(n, 1), (N-N*) (A3)

Now consider the exponential representations of
Eand E™:

E=exp(;;),E‘l=exp(§) (A4)
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along with the corresponding scaled operators
0 19
o
" -3 -19
E, =exp(-(,m—*)=exp -a—-a;) (AS)

We can perform a Taylor expansion of the expo-
nentials in eq. (A.5) to achieve the Fokker—Planck
system size expansion of the master equation for
one-step processes. Making use of eq. (A.3), in
the following equation we consider the two lowest
order terms in (1/a) in the expansion of the
scaled master equation eq. (A.2):
P(n,t) 129
=~ [g(m) ~r(m)] P(n, 1)

1 ¥ ‘
+ Tl gn—z[g(n) +r(n)] P(n,t)

1
+ O(—3) (for large a) (A.6)
o
A similar scaling argument and Fokker-Planck
equation can be constructed with the bivariate
quantities

g(n*, N*)=g(n,N),

(similarly for r, P), (N> N*) (A7)

which are no longer intensive system properties
insofar as the transition probabilities now depend
on the system size, but which obey scale invari-
ance,

It should be noted that size scale invariance
may not hold for systems with very long range
correlations. For such cases it becomes necessary
to revert back to the master equation, even if the
system size becomes infinite. Our assumption of
scale invariance rests on the intuitive notion that
cooperative bond formation and rupture events
involve short or finite range correlations in bond
space.

As a final point, it should be noted that for any
discrete state Markov process the Fokker-Planck
approximation to the master equation which de-
scribes the evolution of P(n, t) is expected to
break down at very short times or for small »n.
Noise in our data precludes our accurate resolu-
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tion of short-time behavior; but in addition, the
inclusion of an absorbing boundary condition re-
quires the Fokker-Planck approximation to be
identical to the exact master equation at n =0,
Thus, as »n approaches 0, P(n, #) goes to 0 in
both cases.

Appendix B

Let pln, t|n*, 0) be the probability density
for a liposome starting with n* surface bonds at
t =0 to reach » bonds after time ¢ has elapsed.
The conditional probability p, as well as P(n, t),
satisfies the Fokker—Planck equation [27]

6/» h]
el (100 -r(m)] p
2

1
+ Em[g(n) +r(n)] P

mMn,0ln*, 0) =5(n-n*), (B.1)
and
Mn, tin*, 0) =0for n*=0 (B2)

where the absorbing boundary condition at n* =0
assumes irreversible detachment following rup-
ture of the last surface bond. The probability of
realizations Q(n*, t) beginning at n* which have
not reached 0 after time ¢ has elapsed is then

Q(n*, t)=1-p(0, t|n*, 0)

. =f0N/i(n, t1n*, 0)dn (B3)
where the integral accounts. for all realizations
with #n # 0 and where we assume the existence of
a reflecting upper boundary at » = N. It follows
that the fraction —dQ of those kinetic trajecto-
ries that do reach n=0 in the time interval
(tr, t+de)is

—dQ(n*, t) = —[Q(n*, t +dt) — Q(n*, 1)]

- [fo”a—a’tidn]dt (B4)
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The distribution function T(n*, ¢) of first passage
times for liposomal detachment kinetics is there-
fore given by

8Q(n*, 1)

T(n*, t)=- o

(B.5)
where T(n*, t) is the probability that the time
interval ¢ has elapsed for the irreversible detach-
ment (at precisely time ¢) of a liposome initially
having »* surface bonds. Furthermore, it can be
shown that Q satisfies the adjoint Fokker—Planck
equation

aQ(n*, t)

0t
0
= ~L&(n*) ~r(n¥)] = 0(n*, 1)

%* +r s a2
+[g(n )2 (n )}an*ZQ(H*’t)’

0(0,1)=0

This follows from the time translation invariance
of the conditional probability p; ie.,

pn, tin*,0)=p(n,0ln*, 1)

(B:6)

(B.7)

As a consequence of this symmetry it can be
shown that p is a solution of both the Fokker-
Planck (FP) equation and its adjoint (#£) [27]:

a,;_L _ _
—=Lp(n)p, p=0for n=0

y (B.8a)

8/@ ¢ * *
¥=Lpp(n Yp, p=0forn*=0 (B.8b)
where L, is the ordinary FP operator defined by
eq. (1) and L%, is defined by eq. (B.6). It follows
from eq. (B.3) that Q(n*, t) also satisfies eq.
(B.8b). Eq. (B.6) is particularly convenient for
calculating recursion relations between the first
and higher order moments of the first passage
time distribution T(n, ¢). In this paper, however,
we are concerned only with the first moment of
T: i.e., the mean first passage time for liposomal
detachment.
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